This study aims to investigate the possible sources of non-axisymmetric disturbances and their propagation mechanism in Taylor Couette flow (TCF) for wide gap problems using direct numerical simulation with a radius ratio of 0.5 and Reynolds number (Re) ranging from 60 to 650. Here, attention is focused on the viscous layer (VL) thickness in near-wall regions and its spatial distribution 
Introduction
The study of the vortex structures in Taylor Couette flow (TCF) has gained a lot of attention from researchers partly due to its complexity and nonlinear behaviour which warrants careful investigation. out direct numerical simulation (DNS) for the wide gap problem (radius ratio 0.5) using infinite length cylinders for Re ranging between 60 to 650 with the assumption of axisymmetric flow structure. The assumption of an axisymmetric flow structure in their simulation had contributed to the absence of WVF structure. Heise et al. (2008) and Abshagen et al. (2008) studied the nonlinear dynamics of ATVF and WVF in an attempt to understand several bifurcation processes exhibited in the TCF for wide gap problem. Manneville & Czarny (2009) studied the aspect ratio dependency of Taylor vortices for wide gap problem. Abshagen et al. (2012) also carried out experimental investigation on the multiplicity of states in TCF which appeared due to the axial localization of azimuthal travelling wave for wide gap problems. This led López et al. (2015) to conduct a numerical analysis in an attempt to better understand the multiplicity of states found in Abshagen et al. (2012) . In Martiand et al. (2014) , stability analysis had been used in the ATVF and WVF flow for radius ratio 0.55 and Re ranging between 69 to 210. This study had reported that the cause of the transition between ATVF into WVF is not the same in the narrow gap and wide gap problem. In the wide gap problem, the subharmonic modes of instability or jet mode were the principal cause of the appearance of the WVF. The weakly nonlinear analysis was implemented in Martiand et al. (2017) to study the effect of additional external radial and axial flow along with the rotation of the inner wall for a wide range of radius ratio. Though Martiand et al. (2014; 2017) had provided extensive details about the stability analysis of TCF for Re ranging from 69 to 210 in wide gap problems, clear understanding of the physical mechanism of the transition of ATVF into WVF and how the flow behaves at higher Re in wide gap problem yet to explore. In addition, the source of non-axisymmetric disturbances, their propagation mechanism and influence of these disturbances into the natural wavelength and normalized torque yet to be understood clearly in TCF with a wide gap.
Although these earlier studies had provided much insights on the axisymmetric flow and the multiplicity of states observed in non-axisymmetric flow structure, most of them were focused on the implementation of nonlinear stability model for the wide gap problems. This motivates us to conduct a detailed study of the physical behaviour exhibited in the transition from ATVF into WVF flow structure of wide gap problems. Earlier studies of small gap problems had indicated that the flow behaviour in the flow separation and jet impingement regions are critical to the origin and propagation of nonaxisymmetric disturbances as they eventually triggers the onset of the periodic non-axisymmetric flow structure (i.e., WVF) ; see Sobolik, Benabes & Cognet (1995) , Dumont et al. (2002) , Akonur & Lueptow (2003) ; Sobolik et. al. (2011) , Kristiawan, Jirout & Sobolík (2011) and Dessup et al. (2018) .
These observation prompted us to investigate in details how the source of non-axisymmetric disturbances and their physical propagation mechanism vary between small gap and wide gap problem during the transition of ATVF into WVF and WVF at higher Re ( i.e., Re = 60 to 650) with the aid of spatial behaviour of near-wall regions (i.e., the region where azimuthal velocity varies linearly with the distance from wall) along the axial direction . The study of the near-wall region in open boundary flow and internal flow is a well-established concept (Pope, 2000) . In particular, in the open boundary or internal flow, the dynamics of vortices are restricted by the wall on one side while the other side is open to the fluid flow exposed to flow separation or jet impingement, that occurs only in the near-wall region of the junction between two counter-rotating vortices (i.e., streamwise vortices, longitudinal vortices, Dean vortices, Gortler vortices as documented in Wu, Ma, & Zhou, 2006) . However, in the TCF problems, Taylor vortices are confined between two walls that lead to the appearance of both jet impingement and flow separation at the near-wall regions of same junction ( i.e., inflow or outflow regions) of two counter-rotating vortices (Dumont et al., 2002 ; Akonur & Lueptow, 2003; Sobolik et. al., 2011; Kristiawan, Jirout & Sobolík, 2011) . A study of the near-wall regions in the TCF may be the key for a fuller and better understanding of the underlying flow physics. The only few studies carried out on the near-wall regions in TCF are for TTVF of small gap problems (Huisman, et al., 2013; Rodolfo et al., 2016 and Singh et al., 2016) . Broadly, the study of the near-wall regions in ATVF, WVF and MWVF in both the wide and small gaps problems are yet to be fully explored. In particular, this study focuses on the behaviour of viscous layer (VL) thickness in the near-wall regions of ATVF and WVF in wide gap problems (radius ratio 0.5) and concentrates on the flow separation and jet impingement regions.
In this study, direct numerical simulation (DNS) has been employed to solve three dimensional TCF flow with a radius ratio of 0.5. For the purpose of validating the numerical tools used in this present study, a single wavelength fluid column with periodic boundary condition in the axial direction is conducted and compared against the results of Fasel & Booz (1984) . Following this, with the advancement of computational resources, the axial height of cylinder is extended to four wavelength of fluid column (8 times the annular gap size) with periodic boundary condition at the both ends of cylinder to investigate how the flow structure behaves with the change in axial height of fluid column from single wavelength to four wavelengths. The use of four wavelengths fluid column implies an aspect ratio of 8. As reported in Cole (1974) , the average NNW of Taylor vortex in wavy vortex flow was found as 1.98 for aspect ratio 8 and 2 for aspect ratio 44 with end effect. Which indicates that 1% deviation in NNW between aspect ratio 8 and 44. Blennerhassett & Hall (1979 ) had reported that the modes of instability become independent of aspect ratio if it was ≥ 6 with the end effect. In the present study, the aspect ratio of 8 has been used with a periodic boundary condition at both ends of the cylinder, and thus satisfies the assumption of the infinite length of the cylinder ( i.e., insignificant end effect).
To aid the analysis of the dynamics of near-wall regions in the flow separation and jet impingement on both inner and outer walls, we define a viscous layer (VL) and examine its spatial behaviour along the axial direction as Re changes. In doing so, the analysis provides an indication on the transition from axisymmetric to non-axisymmetric flow structure, and in turn, helps to elucidate the origin of periodic non-axisymmetric disturbances (i.e., WVF) and their propagation. Additionally, the study of VL with Re enables us to examine the influence of variation of natural wavelength on the flow dynamics within the near-wall region. Finally, the correlation between the distribution of VL along the axial direction and local wall shear stress at the jet impingement and flow separation regions are also studied. The behaviour of VL thickness in the transition from ATVF to WVF flow structure and its dependency on the natural wavelength may provide useful clue to the possible mechanism that leads to drag reduction.
Flow configuration
The schematic diagram of the TCF set up is illustrated in Figure 1 and unless otherwise stated, cylindrical coordinates (r, θ, z) are adopted with the z-axis coinciding with the axis of symmetry of the cylinders. The radii of the inner and outer cylinders are and , respectively . The annular gap is expressed as = − and the axial height of the cylinders or fluid column is represented as H. The non-dimensional radius ratio is defined by . Here, the inner cylinder is in rotation with a constant angular velocity Ω while the outer one is kept stationary. The fluid in-between the two concentric cylinders is considered to be viscous and incompressible. The Reynolds number (Re) is expressed with the following equation,
where is kinematic viscosity of fluid.
Numerical Method and Validation test
Most of the previous numerical studies on TCF were conducted using a single wavelength ( two gap widths or aspect ratio 2) fluid column as the axial height with periodic boundary condition at the both ends of cylinder (Marcus, 1984; Fazel & Booz, 1984; Liao, Jane & Young, 1999; Bilson & Bremhorst, 2006; Dong, 2007; Abshagen et al., 2008; Pirrò & Quadrio, 2008; Heise et al., 2008; Jeng & Zhu, 2010; Kristiawan, Jirout & Sobolík, 2011; Sobolik et al., 2011; López et al., 2015; Ng, Jaiman & Lim, 2018; Dessup et al., 2018) . In this study, DNS has been carried out for two different heights of fluid column, namely single wavelength fluid column (Height = 2 times the annular gap size) and four wavelengths fluid column (Height = 8 times the annular gap size). In both cases, the radius ratio is 0.5, Re ranges between 60 to 650 and periodic boundary condition at the both ends of cylinder is used as mentioned in the above studies. As mentioned in the previous section, a single wavelength fluid column is carried out to validate our numerical method against the results of Fasel & Booz (1984) , whereas the four wavelengths fluid column is used to investigate the variation of natural wavelength and spatial distribution of VL along the axial direction with respect to Re.
A structured mesh (Hexahedral) is generated using Fluent Mesher, and the growth rate of the prism layer from the wall is set as 5. This provides a non-uniform distribution of grid size along the radial direction with the region near the wall having a finer grid size and the other regions having a relatively larger grid size.
DNS is conducted by solving the three dimensional Navier-Stokes equation by finite volume method using icoFoam solver in OpenFOAM 5. As per incompressible flow, the pressure based solver has been used. Interpolation scheme without non-orthogonal correction was used to compute the cell face pressure. The second order discretization scheme without non-orthogonal correction was applied for the convective, diffusive fluxes and velocity derivatives. A second order implicit method (Backward) was used for the transient formulation. The Pressure Implicit with Splitting of Operators (PISO) was used to obtain the pressure correction. Generalized geometric-algebraic multi-grid (GAMG) solver along with Smoother Gauss-Seidel was imposed to solve for the pressure while the Preconditioned (bi-) conjugate gradient (PBiCG) linear solver with Diagonal incomplete-LU (asymmetric DILU) was used to solve for the velocity. From the stability criterion, Courant-Friedrichs-Lewy (CFL) < 0.5 was used for the whole range of Re. As reported in the previous study (Dessup et al., 2018) , the viscous time scale required for TCF flow to stabilize is 2 (i.e., d is annulus gap and υ is kinematic viscosity). In the present study, the radius of the inner cylinder is 0.0015m and the radius of the outer cylinder is 0.003m. This provides a gap of 0.0015m between two cylinders. The kinematic viscosity used here is 1.0048x10 −6 2 −1 which translates the viscous time scale for our problem to be 2.239252 sec. The simulation time (i.e., flow time) used in this study is 5 sec which is 2.239 times greater than the required viscous time scale. This indicates that our flow structure is stabilized within the time used in the simulation.
For expediency, the whole range of Re has been divided into four regions to carry out the grid independence test (see Table 1 ). For each region, the maximum Re is used as the reference for the grid independence test (see Figure 2 ) and the number of grid points along the radial, azimuthal and axial direction is summarized in Table. 1. The normalize torque presented in Figure 2 , is obtained with the following equation,
where is the torque and is the density of fluid.
The torque deviation between the inner and outer cylinder was observed to be less than 0.4% which indicates the finer scale of mesh along the radial direction. The DNS result presented in Figure 3 for a single wavelength fluid column shows excellent agreement with the DNS study of Fasel & Booz (1984) up to Re = 425 with a maximum deviation of 0.12%. The critical Re obtained in this study is 68 which is essentially the same as Fasel & Booz (1984) . However, as Re increases beyond 425, the discrepancy between the present DNS of a single wavelength fluid column and Fasel & Booz (1984) increases (see Figure 3 ). In Fasel & Booz (1984) , the flow structure is assumed to be axisymmetric and they considered the Re at which non-axisymmetric flow structure appears is nearly 10 times greater than critical Re (i.e., Re = 680). Our DNS study does not assume any assumption has been especially carried out for Re 650 and it is found that our DNS of the single wavelength fluid column result is indeed very close to that of Fasel & Booz (1984) with a discrepancy of 0.39 %. Therefore, the numerical tools used in the present DNS study has exhibited good validation against Fasel & Booz (1984) .
The DNS results obtained for four wavelength fluid column is discussed in the following section.
On four wavelength fluid column configurations

Variation of flow regimes
The azimuthal wall shear stress of the outer wall has been non-dimensionalized as follows, Normalized azimuthal shear stress at the outer wall, ̅ =
where is azimuthal shear stress at outer wall.
As shown in Figure 5 , the distribution of ̅ at the outer wall along the azimuthal direction (0 to 360 degrees) obtained for the four wavelengths fluid column exhibits uniform distribution up to Re = 425 in the inflow region (see Figure 5a ) and outflow region ( Figure 5b ) (i.e., junction of two Taylor vortex where the radial flow is moving from inner wall towards outer wall). This suggests that the flow structure is independent of the azimuthal location. As Re is increased beyond 425, the distribution of ̅ reveals a wavy like behaviour in the inflow (see Figure 5a ) and outflow regions (see Figure 5b ). Donnelly (1958) , Donnelly & Simon (1960) , Donnelly & Fultz (1960) and Fasel & Booz (1984) . The inconsistency could be attributed to the inability of their linear stability theory in capturing the growth and propagation of nonlinear disturbances (Stuart, 1960; Watson, 1960; Davey,1962) . Although Donnelly & Simon (1960) and Donnelly & Fultz (1960) reported good agreement between experiment and the linear stability theory of Chandrashekar (1953; and Donnelly (1958) , the appearance of non-axisymmetric flow structure in their study may have been delayed as they have used a smaller aspect ratio of less than 8 (Cole, 1974; Walden & Donnelly, 1979; Blennerhassett & Hall, 1979; Hall, 1980) . Using nonlinear dynamics analysis, Abshagen et al. (2008) noted the appearance of non-axisymmetric flow structure at Re ≥ 400 for radius ratio = 0.5. Hence, the appearance of non-axisymmetric flow structure (see Figure 5 ) observed in this study could be justified by the findings of Stuart (1960) , Watson (1960) , Davey (1962) , Coles (1974) and Abshagen et al. (2008) .
The results in Figure 5 also show that at the beginning of non-axisymmetric flow structure, the distribution of normalized wall shear stress indicates the azimuthal wavenumbers (i.e. the number of wavelengths along azimuthal direction) is 2 (see Figure 5a and Figure For Re = 600 and 650, the azimuthal wavenumber is found to be 1 in the present study (see Figure 5a and Figure 5b ) which is in good agreement with Abshagen et al. (2008; 2012) .
The normalized area average axial velocity ( ̅ ) in the r-Z plane at θ location has been calculated using the following equation,
The average axial velocity at θ = 0, 90, 180 and 270 in the ATVF flow regime is found to be nearly zero (see Figure 7 ). At the beginning of the emergence of non-axisymmetric flow structure (i.e., Re = 425), a rather sudden increase in the magnitude of ̅ is observed (see Figure 7 ). As shown in Figures Although this flow appears in both inflow and outflow regions, it exhibits a more prominent behaviour in the inflow region. ̅ which is due to the presence of periodic secondary flow, increases with Re and reaches its maximum value at Re = 525 for θ = 0 and180 and Re = 475 for θ = 90 and 270. Beyond Re = 475, a large drop is observed until Re = 575 to be followed by a more gradual drop until Re = 650 (see Figure 7 ). This suggests strong periodic secondary flow up to Re ≈ 575 before the strength weaken. Based on the behaviour of azimuthal wavenumber (see Figure 5 ) and periodic secondary flow (see Figure 6 ), the nonaxisymmetric flow structure can be divided into two regimes, namely, transitional flow regime of ATVF into WVF and WVF flow regime. The former ranges between Re > 425 to Re < 575 and the latter is observed at Re ≥ 575. From the discussions above, it is noted that the non-axisymmetric flow structure appears at the same Re for both the single wavelength and four wavelength fluid column (see Figures 4 and 6 ). Despite the similarity in Re, there is a distinct difference in the behaviour of their non-axisymmetric flow structure.
As discussed in the earlier section, Fasel & Booz (1984) ) and Abshagen et al. (2008) had used the equivalent of a single wavelength as the fluid height, which essentially fixed the wavelength of Taylor vortices for all Re. This undoubtedly limits the natural behaviour and development of non-axisymmetric flow structure for the single wavelength fluid column. This could have contributed to the deviation in the behaviour of their non-axisymmetric flow structure compared to that of four wavelengths fluid column. In the four wavelengths fluid column, the natural wavelength of Taylor vortices is dependent on Re for both axisymmetric and non-axisymmetric flow structure. The investigation of four wavelengths fluid column has allowed us to identify two distinct flow regimes (i.e., transition of ATVF into WVF and WVF) in the non-axisymmetric flow. There are interesting details on the physical behaviour of flow structure, azimuthal wavenumber, azimuthal wave and periodic secondary flow in these flow regimes. These will be discussed in the following sections.
The variation of the strength of counter-rotating Taylor vortices
The normalized area average clockwise azimuthal vorticity ( ̅ + ) and counter-clockwise azimuthal vorticity azimuthal vorticity ( ̅ − ) in the r-Z plane at θ location are computed via,
The variation of ̅ + and ̅ − of Taylor 
Variation of the natural wavelength of Taylor vortices
The behaviour of the natural wavelength of Taylor vortices with Re in the ATVF, the transition of ATVF into WVF and WVF is discussed in this section. The normalized natural wavelength of Taylor vortices are computed using the following equation (Lim & Tan, 2004) ,
where N is the number of Taylor vortices.
The variation of the total number of Taylor vortices and its corresponding normalized natural wavelength (NNW) with Re are presented in Figure 10 and Figure Figure   10 ) with NNW ≈1.60 (see Figure 11 ). This is nearly 20% smaller than the NNW of single wavelength fluid column (see Figure 12) . Also, in the same ATVF flow regime, only 8 cells of Taylor vortex are found at Re = 275, 375 and 425 (see Figure 10 ) with the corresponding NNW ≈2.00 (see Figure 11 ). This is identical to that observed in the single wavelength fluid column (see Figure 12 ). In the transition of ATVF into WVF, the number of Taylor vortices reduces to 6 (see Figure 10 ) which translates into NNW≈2.67 (see Figure 11 ). The NNW in this transition flow regime for four wavelengths fluid column is nearly 33% greater than that of single wavelength fluid column (see Figure 12 ). This could be due to the presence of periodic secondary flow (see Figure 7) as highlighted in the earlier section (see Figures   6 e-f). In WVF flow regime, there is a total of 8 Taylor vortex cells (see Figure 10 ) with the corresponding NNW = 2.00 (see Figure 11) ; i.e. the same as that of single wavelength fluid column (see Figure 12 ). In the WVF flow regime, (NNW) observed in our study is 2 which is exactly the same as the experiment of Abshagen et al. (2012) on wide gap problem (i.e., radius ratio 0.5).
The variation of normalized torque
In Figure 13 , the variation of ̅ with Re for four wavelengths fluid column is compared against the result of Fazel & Booz (1984) for single wavelength fluid column. It can be seen from the figure that ̅ for the four wavelengths fluid column exhibits good agreement with that of single wavelength fluid column (see Figure 13 ) in ATVF (i.e., 68 ≤ ≤ 425) and WVF (i.e., Re ≥ 575) flow regimes with a maximum of 3% difference (see Figure 14) . In the transition of ATVF into WVF (i.e., 425 < Re < 575) flow regime, ̅ is nearly 11% smaller than that of single wavelength fluid column (see Figure 14) . Mangiavacchi, Jung & Akhavan (1992) , Laadhari, Skandaji & Morel (1994) , Baron and Quadrio (1996) , Choi & Graham ( 1998) and Choi and Clayton (2001) had reported the appearance of periodic secondary flow along the spanwise direction as the primary cause of the reduction in wall shear stress under the application of spanwise oscillation. Similar to the above cited studies, the present investigation also shows a strong periodic secondary flow along the axial direction in the transition of ATVF into WVF flow regime (see Figure 7 ). This secondary flow could have caused Taylor vortices to weaken (see Figure 9 ), and in turn led to the reduction in ̅ in the transition between ATVF into WVF flow regime.
Variation of the spatial behaviour of VL in the different flow regimes
The Non-dimensional velocity for the inner wall,
Non-dimensional wall distance from the inner wall,
Non-dimensional velocity for outer wall,
Non-dimensional wall distance from the outer wall,
Friction velocity at the inner wall, ( ) = √ ( )
Friction velocity at the outer wall, ( ) = √ ( ) .
The peak value of + ( ) within the linear region where + ( ) ≈ + ( ), provides the VL thickness along the axial direction of the r-Z plane at a fixed ϴ location. The spatial distribution of normalized VL thickness along the axial direction in the inner and outer walls has been computed from the peak value of + ( ) and equations are shown below.
The normalized thickness of VL at the inner wall,
The normalized thickness of VL at the outer wall,
The normalized azimuthal shear stress at the inner wall, ̅ = ( )
The normalized azimuthal wall shear stress at the outer wall, ̅ = ( ) .
The normalized axial height, ̅ =
Here, ( , ) is azimuthal velocity, is azimuthal wall shear stress at inner wall and is azimuthal wall shear stress at outer wall.
In laminar TCF flow, toroidal vortex structure occupies the annulus gap along the axial direction. The azimuthal velocity profile (Figure 15a ) at different axial locations at the r-Z plane of ϴ=0 location provides a clear idea about the influence of vortex structure on the azimuthal velocity distribution along the radial direction. As shown in Figure 15a , azimuthal velocity profile along the radial direction exhibits approximately two linear regions, one from the inner wall to a certain radial position and another one from the outer wall to another distinct radial position where the viscous force plays a major role. From the behaviour of u+ and y+, it is found that u+ = y+ up to certain radial location from both walls (see Figures 15 b-e) . We defined viscous layer in the near wall region where azimuthal velocity varies linearly with distance from wall.
Spatial behaviour of VL in ATVF (Axisymmetric flow structure)
From the distribution of VL thickness along the Z direction in the r-Z plane at ϴ = 0, 180 and at Re = 375 in the ATVF regime, it is found that the thickness of normalized VL (i.e., ̅̅̅̅ ) is minimum at the jet impingement (see Figure16) for both inner and outer walls and it increases from the jet impingement towards the flow separation, reaching its maximum value in the vicinity of flow separation region. As it approaches the flow separation region, a sudden decrease of ̅̅̅̅ is observed in a region denoted as the drop. This drop could be attributed to the emergence of a pair of secondary vortices in the flow separation region as reported in Akonur & Lueptow (2003) and Kristiawan, Jirout & Sobolík (2011) . ̅̅̅̅ exhibits a similar drop for other Re in the flow separation region of ATVF (see Figure 17 and Figure   18 ). The drop observed in the ̅̅̅̅ provides vital information on the exact location of flow separation and its axial extent. The ̅̅̅̅ exhibits two identical peak values along the axial direction in the common flow separation region of two counter-rotating Taylor vortices (see Figure 16 , Figure 17 and Figure 18 ).
The ̅̅̅̅ and normalized azimuthal wall shear stress (i.e., ̅ ) exhibits an inverse like relationship (see Figure 19 and Figure 20 ) from jet impingement until the vicinity of the flow separation region (see Figure 16 ) as seen and established for the open boundary flow and internal flow (Pope, 2000) . For the inner and outer walls, a proportional like relationship (see Figure 19 and Figure 20) is observed in the common flow separation region of two counter-rotating Taylor vortices (see Figure 16 ). As far as we are aware, this behaviour of ̅̅̅̅ observed in the common flow separation region of two counter-rotating vortices has not been reported in the earlier studies.
Spatial behaviour of VL in the transition of ATVF into WVF (Non-axisymmetric flow structure)
The spatial behaviour of ̅̅̅̅ along the axial direction in the transition of ATVF into WVF flow regime for the outer and inner walls at Re = 475 in the r-Z planes at ϴ = 0 and 180 is illustrated in Figure 21 and Figure 22 respectively. For ϴ = 0 (see Figure 21 ), at the outer wall, the ̅̅̅̅ behaviour is similar to the one exhibited in ATVF regime (see Figure 16a ) with the exception of distinct peak values where the greater peak is classified as global maximum and the lower peak is classified as local maximum (see Figure 21a ). It has been shown in the earlier section, as the axisymmetric flow transforms into the nonaxisymmetric flow (i.e., transition of ATVF into WVF), a strong periodic secondary flow appears in the flow separation region (see Figure 21b ) of the outer wall and moves towards jet impingement region of the inner wall. The resultant flow then led to the global maximum of ̅̅̅̅ lying adjacent to the periodic secondary flow and the local maximum of ̅̅̅̅ is found where there is no secondary flow (see Figure   21a ). As also mentioned earlier, the appearance of a strong periodic secondary flow (see Figure 7) results in lowering the strength of Taylor vortices and the occurrence of imbalance between two counterrotating Taylor vortices (see Figure 9 ). This may be linked to the observed difference in the peak values of ̅̅̅̅ in the flow separation region.
For ϴ = 0, the behaviour of the ̅̅̅̅ in the flow separation region of the inner wall (see Figure21c) is similar to the one detailed in the inner wall of ATVF (see Figure 16c ) with the exception of distinct peak values. Similar to the outer wall, the difference between the two peak values could be due to the appearance of imbalance between two counter-rotating Taylor vortices (see Figure 9 ) under the influence of strong periodic secondary flow (see Figure 7 ) in the flow separation region. Though the behaviour of ̅̅̅̅ at the jet impingement of the outer wall in this flow regime (see Figure 21a ) is found identical to that of ATVF (see Figure 16a) , the ̅̅̅̅ at the impingement of inner wall (i.e., in between point A and point C in Figure 21c) increases; unlike the ̅̅̅̅ of ATVF (see Figure 16c ) . The influence of strong periodic secondary flow might weaken the jet impingement at the inner wall there resulting in the appearance of a thicker ̅̅̅̅ at the inflow region of the inner wall. The distribution of ̅̅̅̅ and ̅̅̅̅ for ϴ =180 (see Figure 22 ) is similar to that of ϴ =0 (see Figure 21 ) with the exception of the shift in peak values due to the change in the direction of periodic secondary flow.
The behaviour of ̅̅̅̅ at the inner and outer walls as described above is also observed for other Re in this flow regime (see Figure 23 ).
Spatial behaviour of VL in WVF
The behaviour of ̅̅̅̅ along the axial direction at Re = 600 in the WVF for the outer and inner walls in the r-Z planes at ϴ =0 and 180 has been illustrated in Figure 24 and Figure 25 , respectively. For ϴ =0 (see Figure 24) , the ̅̅̅̅ in the outer wall along the axial direction in the WVF flow regime (see Figure   24a ) is similar to that of the outer wall in the transition of ATVF into WVF flow regime (see Figure   21a ).
For ϴ =0, the behaviour of ̅̅̅̅ at the inner wall for WVF is similar to that of the transition flow (i.e., transition from ATVF into WVF) in the flow separation region (i.e., the appearance of global maximum and local maximum in ̅̅̅̅ ) (see Figure 21c and Figure 24c ). However, a clear difference between the ̅̅̅̅ of transition flow (see Figure 21c ) and WVF (see Figure 24c ) is observed in the vicinity of inflow region of the inner wall (i.e., impingement region of the inner wall). As shown in the previous section, the ̅̅̅̅ increases in the inflow region of the inner wall in the transition flow (see Figure 21c ) due to the emergence of weak jet impingement under the influence of strong periodic secondary flow. The periodic secondary flow becomes weaker in the WVF (see Figure 7) . The weaker secondary flow cannot suppress the jet impingement region due to which ̅̅̅̅ becomes thinner in the inflow region of the inner wall in WVF. A larger difference between the two peak values (i.e., global maximum and local maximum in ̅̅̅̅ ) in the WVF in the inner wall (see Figure 24c ) is also observed compared to that of the transition flow (see Figure 21c ).
The distribution of ̅̅̅̅ and ̅̅̅̅ for ϴ =180 is found similar to that of ϴ =0 with the exception of a shift in the peak values in the flow separation region due to the change in the direction of periodic secondary flow (see Figure 25 ).
The behaviour of ̅̅̅̅ in the inner and outer walls as described above is also observed for other Re in this flow regime (see Figure 26 ).
Variation of the spatial behaviour of VL with Re
In this section, the variation of ̅̅̅̅ along the axial direction with Re in the r-Z plane at ϴ=0 is further examined for both the axisymmetric and non-axisymmetric flows. In ATVF (see Figure 16 and Figure   17 ), transition flow (see Figure 23 ) and WVF ( see Figure 26) , the variation of ̅̅̅̅ with Re at the jet impingement, flow separation and drop for the outer and inner walls has been summarized in Figure   27a and Figure 27b , respectively. The variation of the ratio between the two peak values across the flow separation with Re in the ATVF, the transition between ATVF into WVF and WVF regimes is illustrated in Figure 28 .
Variation of the spatial behaviour of VL with Re in the ATVF (Axisymmetric flow structure)
For the case of the outer wall, the ̅̅̅̅ exhibits a prominent dependence on Re at the jet impingement, flow separation and drop (see Figure 27a) . At the jet impingement, a monotonic decrease is observed in the ̅̅̅̅ with the increase in Re. A gradual increase in ̅̅̅̅ is observed at the drop up to Re = 275 beyond which it decreases gradually until Re = 425 (see Figure 27a) . At the flow separation, ̅̅̅̅ decreases gradually till Re = 225; from Re =225 to 275, ̅̅̅̅ starts to increase and reaching its local maximum at Re = 275 beyond which it exhibits a gradual drop until Re = 425. In can be inferred that at the flow separation and drop, ̅̅̅̅ exhibits significant change as Re is increased beyond 225 (see Figure 27a ). In the earlier section, it was mentioned that at Re = 225, NNW is found to be 1.60 with 10 cells of Taylor vortices and NNW is found to be 2.00 with 8 cells of Taylor vortices as Re is increased to 275 (see Figure 10 and Figure 11 ). Thus, the occurrence of a sudden change in ̅̅̅̅ from Re =225 to 275 in the flow separation region of the outer wall could be due to the occurrence of a secondary form of instability which may eventually contribute to the transformation of NNW from 1.60 (i.e., 10 cells of Taylor vortices) to NNW = 2.00 (i.e., 8 cells of Taylor vortices) (see Figure 10 and Figure 11 ). The ̅̅̅̅ at the flow separation and drop is found nearly independent of Re in the inner wall up to Re =425 (see Figure 27b ). However, increase in Re results in slightly decreasing trend of ̅̅̅̅ at the jet impingement of the inner wall (see Figure 27b ).
The ratio between two peak values of ̅̅̅̅ across the flow separation region of the inner and outer wall is nearly identical up to Re =425 (see Figure 28 ) which could be attributed to the existence of equilibrium between counter-rotating Taylor vortices (see Figure 9 ).
Variation of the spatial behaviour of VL with Re in the transition of ATVF into WVF and WVF
For the outer wall, there is a sudden increase in ̅̅̅̅ at the flow separation and drop during the initial phase of the transition flow from Re = 425 until Re = 475 following which a descent is observed till the end of the transition flow (i.e., Re = 575) (see Figure 27a ). It follows a steeper descent in the WVF with an inflection point at the beginning of the WVF (Re = 575) (see Figure 27a ). The ̅̅̅̅ in the jet impingement also exhibits a very slight increase at the beginning of the transition flow (i.e., Re = 425) and a gradual decrease until the end of the WVF (i.e., Re = 650). The change in ̅̅̅̅ in the jet impingement is not as significant as that of the flow separation and drop in the transition flow (see Figure 27a ). The ratio between the two peak values of ̅̅̅̅ starts to increase at the beginning of the transition flow, reaches its maximum value at Re = 475 and decreases from Re = 475 until the end of transition flow (i.e., Re = 575). In the primary phase of WVF till Re = 600, it is observed to be increasing following which a descent is observed (see Figure 28 ).
In the inner wall (see Figure 27b ), the variation of ̅̅̅̅ at the flow separation, jet impingement and drop does not exhibit any significant change in the transition flow with the increase in Re (i.e., 425 < Re < 575). In the beginning of WVF from Re = 575, there is a sudden jump observed in the ̅̅̅̅ at the flow separation and drop whereas at the jet impingement, it continues its steady descent from the end of the transition flow(see Figure 27b) . At the beginning of transition flow from Re = 425, the ratio between the two peak values of ̅̅̅̅ increases and reaches its local maximum at Re = 475 beyond which it decreases until the end of the transition flow (see Figure 28 ). There is a sudden boost observed in the ratio between peak values of ̅̅̅̅ at the starting of WVF from Re = 575 till Re = 650 (see Figure 28 ).
The change in the ratio between peak values of ̅̅̅̅ at the beginning of WVF is far more significant than that of the transition flow (see Figure 28 ). In the transition flow, the change in the ratio between two peak values of ̅̅̅̅ is found to be significant at the outer wall whereas in the WVF, the change is found to be significant at the inner wall.
5.2.3
The source of non-axisymmetric disturbances, its propagation and its influence in the behaviour of VL thickness
(a) Source of non-axisymmetric disturbances
As described in the previous section, from the study of near-wall region, the ̅̅̅̅ at the jet impingement region at the outer and inner walls does not exhibit any significant change in the transition flow and WVF (see Figure 27 ). Thus, it is obvious that the jet impingement region of the inner and outer walls does not have any significant contribution to the occurrence of non-axisymmetric flow structure (i.e., WVF flow regime) in wide gap problems which contrasts with the findings of Snyder & Lambert (1965 ), Fazel & Booz (1984 , Marcus (1984) , Dumont et al. (2002) and Akonur & Lueptow (2003) for small gap problems. In the transition flow, the flow separation region of the outer wall undergoes significant changes unlike the flow separation region of the inner wall (see Figure 27 and Figure 28 ). Hence, the flow separation region of the outer wall may be deemed to play a dominant role in the appearance of the non-axisymmetric flow structure in the transition flow. It has been described in the earlier section that as Re is increased beyond 425, flow structure transforms into nonaxisymmetric flow structure with a strong azimuthal wave in the inflow region and comparatively weak azimuthal wave in the outflow region (see Figure 8 ). From the flow structure shown in Figure 6 , the flow separation region lies at the inflow region for the outer wall and outflow region for the inner wall.
Thus, this provides a strong evidence that the flow behaviour in the flow separation region of the outer wall plays a significant role in the appearance of non-axisymmetric flow structure and azimuthal wave in wide gap problems which is partially aligned with the study of small gap problems by Kristiawan, Jirout & Sobolík (2011) where the source of non-axisymmetric disturbances was considered to be at the flow separation region of the inner and outer wall.
(b) Propagation of non-axisymmetric disturbances in a form of periodic secondary flow
From the behaviour of ̅̅̅̅ , it can be suggested that as Re is increased beyond 425, the flow separation region of the outer wall may experience the onset of sudden instability resulting in an unstable inflow region. The instability in the inflow region magnifies over time and results in the propagation of periodic non-axisymmetric disturbances in the form of strong periodic secondary flow (see Figure 6 and Figure   7 ). Eventually, a strong azimuthal wave in the inflow region and a comparatively weaker azimuthal wave in the outflow region is observed (see Figure 9 ).
5.2.3(c) The influence of periodic secondary flow in NNW and torque in the transition flow
As shown in the earlier section, during the transition flow, a sudden increase in NNW is observed (see Figure 12 ). In the same flow regime, a maximum of 11% torque reduction is observed vis-a-vis ATVF (see Figure 13 and Figure 14) . It was also indicated that the strong periodic secondary flow (see Figure   7 ) results in the sudden increase in NNW (see Figure 11 ) and substantial decrease in the strength of the two counter-rotating Taylor vortices (see Figure 9 ) in the transition flow. From the behaviour of ̅̅̅̅ in the flow separation region of the transition flow , it is well suggested that the appearance of the strong periodic secondary flow contributes to the appearance of thicker ̅̅̅̅ (see Figure 27 ) by lowering the strength of the two counter-rotating Taylor vortices. Thus the observed torque reduction in this flow regime is directly related to the appearance of a thicker VL which is aligned with the findings of Mangiavacchi & Akhavan (1992) , Laadhari, Skandaji & Morel (1994) , Baron and Quadrio (1995), Choi & Graham( 1998) and Choi & Clayton (2001) . 
Conclusion
